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Enhancement of thermal efficiency of quantum heat engines has been discussed mainly in terms
of quantumness of working substances. In the present study, we propose as another possibility
to utilize a quantum-mechanical (reversible) feature of system-reservoir interaction, which reveals
itself in the short-time regime as a non-Markovian effect on the reduced dynamics of the substance,
before asymptotically approaching irreversible processes. For this purpose, we study a limit cycle of
the quantum Otto engine comprising a working two-level system and two reservoirs, including the
non-Markovian effect for the finite-time isochoric processes while the work-extracting processes are
kept quantum adiabatic. Assuming that the system interacts weakly with the reservoirs consisting
of infinite bosons, we find a parameter regime beyond the Carnot efficiency in which a positive
work is extracted by including a non-Markovian effect called energy backflow. We also find that the
interaction energy is finite and contributes to the positive work even for the weak interaction. The
work diminishes if we include into the work the energy for detaching the working substance from
reservoirs.
I. INTRODUCTION
The quantum heat engine (QHE) is becoming an im-
portant topic of interest from various perspectives: i) it
is expected to retrieve and convert wasted heat in quan-
tum devices into energy for work, which may thereby
seed another industrial revolution; and ii) it may also
offer a deeper understanding of thermodynamics from a
quantum point of view.
The intensive studies stimulated by the first proposal
of a QHE for the maser system [1] are typically clas-
sified as: (a) clarifying the thermodynamical laws and
processes of a QHE by introducing the concept of open
quantum dynamics [2–11], (b) finding efficiency enhance-
ments of heat engines using quantumness [12–40], and (c)
designing a finite-time operation of the QHE [5, 41–53],
including theoretical analysis on concrete experimental
situations [54–65] and a report on a realization with NV
centers [66].
In extending thermodynamics to the quantum level, we
face several challenges that have not been quite resolved
in the literature. First, open-system dynamics of a quan-
tum working substance may be strongly non-Markovian
if the time scale of the working substance is compara-
ble to or much shorter than that of the heat reservoirs,
invalidating the application of the Gorini–Kossakowski–
Sudarshan–Lindblad (GKSL) treatment [67, 68] com-
monly used in conventional studies. This is because the
treatment is legitimate only in the long-time limit, for
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which the correlation time of the coupling between work-
ing substance and reservoir is infinitesimally short [69–
71]. The limitation becomes critical when we design a
heat engine with a finite operation time to obtain a fi-
nite power; note that, because of the infinite operational
time, the Carnot engine with optimal thermal efficiency
is practically useless, producing null power. Indeed, the
non-Markovian effect has recently been intensively stud-
ied [72–84]. One most characteristic feature is the back-
flow of information [72, 76, 83], energy[82], and spin [84]
from the environment to the relevant system. The en-
ergy backflow, in particular, caused by partial reversibil-
ity produces a counterintuitive flow from a lower to a
higher temperature for a very short time [82].
Second, the interaction energy between the working
substance of the engine and the heat reservoir, which is
ignored in classical thermodynamics because the dimen-
sions are lower, plays a significant role in microscopic en-
gines [10, 85, 86]. Whether the contribution of the inter-
action Hamiltonian should be included into that for the
working substance or reservoir remains controversial [87].
Because the interaction dynamically generates quantum
correlations between the working substance and reser-
voir, we need to consider how to treat the interaction
energy, for instance, as heat or work, especially when we
take into account explicitly the attachment and detach-
ment of the working substance to and from the reservoirs.
Third, the Carnot efficiency has been a distant un-
reachable limit for heat engines [88]. Whether we can
exceed the limit by extending thermodynamics into the
quantum regime has been a large motivation in the study
of QHE. All these issues demand a substantial updating
of thermodynamics.
In this paper, we report our approach in address-
ing these aspects with a non-Markovian analysis regard-
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2ing the finite-time operation of a quantum Otto en-
gine (QOE), which comprises a two-level system and
two bosonic reservoirs. We use the time-convolutionless
(TCL) non-Markovian master equation [70, 71, 89–95] to
compute the dynamics of the two-level system during iso-
choric processes (IPs) with the work-extracting processes
kept quantum adiabatic.
We find a parameter regime in which positive work be-
yond the Carnot efficiency is extracted after driving the
QOE for an infinite number of cycles. Using full-counting
statistics [95, 96], we find that the positive-work extrac-
tion is attributed to (i) the energy backflow from the
reservoir to the two-level system and (ii) an interaction
energy that is finite and negative. Both contribute to in-
creasing the population of the excited state, which results
in positive-work extraction. While the non-Markovian ef-
fect on thermodynamics and the QOE in particular are
attracting intensive interest [97–111], the present study
is the first to reveal the critical role of energy backflow
in a quantum heat engine. We also discuss the subtlety
in defining the extracted work; although we assume that
the system-reservoir coupling is weak, we find that the
interaction energy is significantly finite. Work extraction
shrinks if we include in it the energy cost of attaching
and detaching the working substance to and from the
reservoirs.
II. QUANTUM OTTO ENGINE
The QOE cycle consists of two IPs and two quantum
adiabatic processes (QAPs) [4, 6, 7]. We describe it by a
two-level system comprising a “working fluid” attached to
two reservoirs at different temperatures. Its total Hamil-
tonian is given by H = HS(t) +HB +HI(t) with
HS(t) = ω0(t)2 σz, HI(t) =
∑
µ=h,c
γµ(t)HµI , (1)
where we set ~ = 1 and {µ = h, c} labels the hot and
cold reservoirs. In HS(t), ω0(t) denotes the Larmor fre-
quency of the two-level system, which we vary in the
QAPs; σx/z are the Pauli matrices. In HI(t), γµ(t) is a
time-dependent coefficient describing the contact switch-
ing of the µth reservoir. Note that the present argument
does not depend on the details of HµI and HB until we
perform numerical calculations for a specific case below.
We drive the system in the protocol shown in Fig. 1 in
analogy to the classical Otto cycle. In this protocol, the
interaction gives rise to quantum correlations between
the system and reservoirs. To ensure the state of the
total system reverts to its initial state after each cycle,
we introduce the projection measurement (PM) [112–114]
after each IP, severing quantum correlations and then use
the resulting product state as the initial condition of the
next stage. We assume that the reservoirs relax promptly
to the Gibbs state after each PM in a much shorter time
than one cycle, which determines the initial condition
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Figure 1. Our protocol of the QOE: (1st IP: A+ → B−) The
system with the level difference ωh contacts the reservoir at
T h during t1, exchanging energy. It is achieved by switching
γh(t) to be set to unity and after time t1 set back to zero, while
the difference in level ω0(t) = ωh is maintained. (1st QAP:
B+ → C−) We decrease ω0(t) quantum adiabatically from
ωh to ωc maintaining the population of each level to transfer
energy from the system to an external working storage, which
may be realized by adiabatically expanding the box containing
the two-level system. (2nd IP: C+ → D−) The system with
ωc contacting the reservoir at T c during t2. (2nd QAP: D+ →
A−) We increase ω0(t) quantum adiabatically from ωc back
to ωh.
of the subsequent IP. For the present paper, we do not
include any feedback based on information obtained from
the measurements.
III. LIMIT CYCLE
We repeat the above cycle, assuming that it converges
in the infinite-time limit, which we find here. Let Pµn
denote the probability that the system is in the lower
level |0〉 after the PM but before the nth contact with the
µth reservoir. (We start counting the number of contacts
before the attachment to the hot reservoir.) They satisfy
relations:
P cn = P hnρh0,00(t1) + (1− P hn )ρh1,00(t1),
P hn+1 = P cnρc0,00(t2) + (1− P cn)ρc1,00(t2),
(2)
where ρµm,νν(ti) (m, ν = 0, 1) denotes the (ν, ν) element
of ρµm(ti) representing the system density operator after
contact for time ti with the µth reservoir under the fac-
torized initial condition between the system |m〉〈m| and
the reservoir. We assume that the µth reservoir is in the
Gibbs state ρµB with inverse temperature βµ = 1/Tµ; we
set kB = 1 throughout this paper. In the limit n → ∞,
the probabilities converge to
Pµ ≡ lim
n→∞P
µ
n =
pµ
1− p0 , (3)
3with
p0 ≡
[
ρc0,00(t2)− ρc1,00(t2)
] [
ρh0,00(t1)− ρh1,00(t1)
]
, (4)
ph/c ≡ ρc/h0,00(t2/1)ρh/c1,00(t1/2) + ρc/h1,00(t2/1)ρh/c1,11(t1/2). (5)
Relation (3) is completely general being obtained before
specifying the interaction Hamiltonian HµI . We hereafter
analyze the QOE in this limit.
IV. DEFINITIONS OF WORK AND HEAT
In defining work and heat in our protocol, we adopt
definitions often used in the statistical mechanics com-
munity [2, 4–7, 115–122]: 〈dU(t)〉 = 〈dQ(t)〉+ 〈dW (t)〉,
where
〈dQ(t)〉 ≡ TrS [dρ(t)HS(t)] ,
〈dW (t)〉 ≡ TrS [ρ(t)dHS(t)] , (6)
with TrS the partial trace operation on the system. In
the framework of quantum thermodynamics, these defi-
nitions are controversial; see e.g. Refs. [10, 85–87, 124,
125]). We shall return to the definition of work in Dis-
cussion. In contrast, we can partly confirm the validity
of the definition of heat as follows. When a two-level sys-
tem does not have off-diagonal coherence, we define its
effective temperature as
Teff ≡ ω0
(
ln ρ00
ρ11
)−1
, (7)
where ω0 denotes the energy-level difference of the sys-
tem. Using this expression and the von Neumann entropy
〈S〉 = TrS (−ρ ln ρ), we derive the relation Teff 〈dS〉 =
TrS [dρHS] = 〈dQ〉, which is consistent with the classical
counterpart dU = d¯Q+d¯W ≡ TdS − pdV [4–7]. We use
this effective temperature below to analyze the energy
backflow.
Because the population is constant in QAPs, we ex-
tract work 〈dW (t)〉 without the heat 〈dQ(t)〉. We thereby
obtain the work during the first and second QAPs:
〈W1〉 = (ωh − ωc)
[
P hρh0,11(t1) + (1− P h)ρh1,11(t1)
]
,
(8)
〈W2〉 = (ωh − ωc)
[
P cρc0,11(t2) + (1− P c)ρc1,11(t2)
]
.
(9)
The total work extracted per cycle is 〈W 〉 = 〈W1〉−〈W2〉.
In IPs, however, we do not extract any work while heat
flows between the system and a reservoir. The heat
transfer from the hot reservoir to the system is given by
〈Qin〉 = ωh
[
P hρh0,11(t1)− (1− P h)ρh1,00(t1)
]
. We there-
fore obtain a thermal efficiency of
ηO =
〈W 〉
〈Qin〉 = 1−
ωc
ωh
, (10)
where we used the identity P cρc0,11(t2) + (1 −
P c)ρc1,11(t2) = 1− P h. We note that the expression (10)
is obtained under non-Markovian dynamics for an ar-
bitrary interaction Hamiltonian HµI in the limit cycle
and it recovers that for Markovian dynamics obtained
in Refs. [45, 48].
V. WORK EXTRACTION
We now examine the extracted work, which is accom-
plished by evaluating the reduced dynamics and using
Eqs. (8)–(9). We consider that the two-level system in-
teracts with reservoirs with each consisting of an infinite
number of bosons described by Hamiltonian
HB =
∑
µ=h,c
HµB =
∑
µ
∑
k
k,µb
†
k,µbk,µ, (11)
where b†k,µ and bk,µ denote the creation and annihilation
operators of mode k of the µth reservoir, which has en-
ergy k,µ. Defining the interaction Hamiltonian as
HµI = σx ⊗
∑
k
(
gk,µb
†
k,µ + g
∗
k,µbk,µ
)
, (12)
with interaction strength gk,µ between the two-level sys-
tem and the bosons of the kth mode of the µth reservoir,
we evaluated the reduced dynamics during the IPs by
adopting the TCL master equation to describe the non-
Markovian dynamics of the two-level system in contact
with a reservoir. For the model, the TCL master equa-
tion to second order is exactly solvable when the system–
reservoir coupling is described by an Ohmic spectral den-
sity J(ω) ≡∑k |gk|2δ(ω− k) = λω exp(−ω/Ω), where λ
is a coupling constant and Ω is a cutoff frequency [82]; an
explicit expression of the solution is given in Appendix
A.
Before analyzing the non-Markovian extracted work,
we briefly summarize the work extracted using the Born–
Markov approximation (see Appendix B for details). The
Markovian extracted work is evaluated by taking the
long-time (Markovian) limit t → ∞ of the solution to
the non-Markovian TCL master equation. After some
algebra, we proved the equivalence of the following three
inequalities:
〈W 〉 > 0 ⇔ ωc
ωh
>
T c
T h
⇔ ηO < ηC, (13)
which indicate that the Markovian QOE cannot exceed
the Carnot efficiency while the extracted work remained
positive.
Let us next analyze the work extracted by a non-
Markovian QOE. In Fig. 2, we present numerical evalua-
tions of the work extracted with respect to contact times
t1 and t2. We find that the extracted work becomes pos-
itive in the regime t1 . 5, under conditions ηO > ηC, for
which the Markovian QOE never extracts positive work.
This indicates that the efficiency of the non-Markovian
QOE may exceed the Carnot efficiency when the contact
4+ 
− 
𝟎 𝟎 
(a) (c) 
(e) 
𝒕𝟐 
𝒕𝟐 
(b) 
(d) 
𝒕𝟏 
𝒕𝟏 𝒕𝟏 
𝒕 𝟐
 
+ 
− 
𝟎 𝟎 
(a) (c) 
(e) 
𝒕𝟐 
𝒕𝟐 
(b) 
(d) 
𝒕𝟏 
𝒕𝟏 𝒕𝟏 
𝒕 𝟐
 
θh(t1)
Teff
(a)
(b)
Figure 2. Work extracted 〈W 〉 of the QOE under the non-
Markovian dynamics for contact times t1 and t2. The param-
eter settings are: T h = 5.0, T c = 1.0, λ = 0.01, Ω = 0.4, and
ωc/ωh = 0.18 for unit values ωh = 1 with kB = ~ = 1. For
settings corresponding to ηO > ηC, we find a regime t1 . 5
where 〈W 〉 is positive.
time t1 with the hot bath is short. To understand the
positiveness of the extracted work for short t1, we exam-
ined the energy exchange between system and hot reser-
voir using full-counting statistics based on two successive
PMs of the energy [96] performed at the very beginning
(t = 0) and very end (t = t1) of the first IP in the last
cycle of the repeated operations of the QOE. By consid-
ering the measurements of the system Hamiltonian HS(t)
and the hot reservoir Hamiltonian HhB, we evaluated the
change in energy of the system
〈
∆HhS(t1)
〉
and of the hot
reservoir
〈
∆HhB(t1)
〉
, the derivations and expressions of
which are summarized in Appendix C. Energy conserva-
tion of the total system during the IPs also leads to a
change in the energy of interaction,〈
∆HhI (t1)
〉
= − 〈∆HhS(t1)〉− 〈∆HhB(t1)〉 . (14)
Using these expressions, we first consider the en-
ergy transferred to or absorbed from the hot reser-
voir, which is represented by the energy flow θh(t1) =
d
〈
∆HhB(t)
〉
/dt|t=t1 , where θh(t1) > 0 when the energy
is transferred to the reservoir and θh(t1) < 0 when the
energy is absorbed from it. In Fig. 3, we provide (a) a nu-
merical evaluation of θh(t1) and (b) the temporal change
of the effective temperature (7) of the two-level system in
the short time duration 0 ≤ t1 ≤ 5 for the non-Markovian
and Markovian cases. The dashed line in Fig. 3(a) indi-
cates that energy always flows from the system to the
reservoir in the Markovian case. In the non-Markovian
case, by contrast, the energy temporarily flows in reverse,
which we call energy backflow [82], despite the effective
temperature shown in Fig. 3(b) being higher than that
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Figure 3. Non-Markovian (NM;solid line) and Markovian
(M;dashed line) dynamics of energy exchange during contact
with a hot reservoir; a flow to the reservoir is defined to be
positive: We plot the t1 dependences of (a) the energy flow,
and (b) the effective temperature evaluated by Eq. (7), both
with contact time t2 with a cold reservoir set to 60. We find
that non-Markovian dynamics features an energy backflow
from the reservoir and the effective temperature of the system
becomes higher than the hot reservoir, which corresponds to
a regime in which extracted work is positive in Fig. 2. In
(c), we show the change in energy,
〈
∆HhS(t1)
〉
,
〈
∆HhB(t1)
〉
and
〈
∆HhI (t1)
〉
with t2 = 60 fixed for each case. We find〈
∆HhI (t1)
〉
NM is finite. Parameter settings are the same as inFig.2.
of the hot reservoir. This means that the QOE under
the non-Markovian dynamics can perform an endother-
mic process during contact with the hot reservoir and
corresponds to the fact that the population in the ex-
cited state becomes larger because of energy backflow.
We note that the system can also withdraw energy from
the system–reservoir interaction in the non-Markovian
case. The change in energy during the first IP with re-
spect to t1 [Fig. 3(c)] indicates that, whereas the inter-
action energy is constantly zero in the Markovian case,
the interaction energy decreases in the non-Markovian
case and contributes to a further increase in the system
energy, reflecting the increase in the population in the
excited state.
VI. CONCLUSIONS AND DISCUSSION
We have demonstrated the possibility that a QOE can
exceed the Carnot efficiency when we include the non-
Markovian effect for the IPs. We discussed from two
5viewpoints the physical origin of the positive work ex-
tracted using full-counting statistics based on the two-
point measurements of energy exchange between system
and hot reservoir during the IPs: One viewpoint is of
energy backflow and the other is of the interaction en-
ergy
〈
∆HhI (t1)
〉
, which increases
〈
∆HhS(t1)
〉
during con-
tact with the hot reservoir. Both increase the population
of the excited state in the reduced density operator ρ(t),
which contribute to increasing 〈W1〉 and yielding positive
work.
The negative energy of interaction [Fig. 3(c)], how-
ever, leads to another concern in that we need energy
to detach the system from the hot reservoir. Should we
count this extra work with that in Eqs. (8)–(9)? One
approach is to omit it because work is not done on the
working substance directly. The other approach is to in-
clude it because the energy in detachment changes the
total Hamiltonian but not the state of the whole system.
Figure 4 shows the equivalent of Fig. 2 with the detach-
ment energy included for both hot and cold reservoirs.
This implies that whether the thermal efficiency of the
present QOE exceeds the Carnot efficiency depends on
whether we consider the balance of the work and heat
for the two-level system only or for the total system. We
confirm our conclusions for several other values of ωh and
ωc in Appendix D.
t1
t 2
0
Figure 4. Work extracted from a QOE operating under
non-Markovian dynamics for contact times t1 and t2 with the
detachment energy taken into account. Parameter settings
are the same values as in Fig. 2.
Moreover, we rely on quantum adiabaticity of the
work-extracting processes in Eqs. (8) and (9), which en-
ables us to expect maximum work. However, this as-
sumption also requires an infinitely long time for the
processes. To consider finite-time operations through-
out the Otto engine cycle, counter-adiabatic driving [53]
and shortcut-to-adiabaticity [123] have been intensively
studied to attempt a concrete realization for experimen-
tal studies. The extension of this work to include non-
adiabaticity and the evaluation of the efficiency remains
as future work.
Finally, we return to discuss the validity of the defini-
tion of the work and heat. The controversy has revolved
around strongly coupled systems [10, 85–87]. In the
present work, however, we found that the finite contribu-
tion of the interaction energy under the non-Markovian
effect is relevant even for weak system–reservoir coupling.
The finding dictates a reconsideration of the foundation
of the controversy. In terms of the work-extracting proce-
dure, several studies [124–130] suggest that we may need
to consider a coupling between the system and measure-
ment apparatus. Further work is necessary to make the
present QOE experimentally feasible.
ACKNOWLEDGMENTS
This work was supported by JSPS KAKENHI Grant
Nos. 15K05200, 15K05207, and 26400409, the Suzuki
Foundation, and partially supported by Grant-in-Aid for
Scientific Research on Innovative Areas, Science of Hy-
brid Quantum Systems, Grant No. 18H04290 and Japan
Society for the Promotion of Science KAKENHI Grant
No. 19K14611.
Appendix A: Solution of the time-convolutionless
master equation
In this appendix, we summarize the solution of the
time-convolutionless (TCL) master equation for the spin–
boson model, which describes the non-Markovian dynam-
ics of the two-level system contacting with the µth reser-
voir.
In order to achieve the limit cycle Eq. (3), we consider
time evolution of the reduced density matrix ρµm(t), which
is initially prepared in the state |m〉〈m|⊗ρµB, wherem = 0
or 1, and evolves in contact with the hotter (h) or colder
(c) reservoir. The time evolution of ρµm(t) is described by
the TCL master equation
∂
∂t
ρµm(t) = ξµ(t)ρµm(t), (A1)
where {µ = h, c} and ξµ(t) is a super-operator called
TCL generator. Up to the second order cumulant of the
system–reservoir coupling, it is given by
ξµ(t)ρµm(t)
= −i[HµS , ρµm(t)]
−
∫ t
0
dτTrµ[HµI , [H˘µI (−τ), ρµm(t)⊗ ρeqµ ]],
(A2)
where HµS ≡ ωµσz/2 is the system Hamiltonian during
the contact with hotter/colder reservoir, Trµ stands for
a partial trace taken over the µth reservoir, H˘µI (t) ≡
6exp [+i(HµS +HµB)t]HµI exp [−i(HµS +HµB)t] is the inter-
action representation of the coupling Hamiltonian, and
ρeqµ ≡ exp(−βµHB)/Trµ[exp(−βµHB)] is the Gibbs state
of the µth reservoir with inverse temperature βµ ≡
1/kBTµ.
Assuming that the system–reservoir coupling is de-
scribed by the Ohmic spectral density with an exponen-
tial cutoff J(ω) ≡ ∑k |gk|2δ(ω − k) = λω exp(−ω/Ω),
the solution of the TCL master equation Eq. (A1) is given
by [82],
ρµm(t) = e
∫ t
0
aµ(τ)dτ
(
ρµm(0)−
∫ t
0
dτbµ(τ)e−
∫ τ
0
aµ(s)ds
)
,
(A3)
where aµ(t) ≡ −2 ∫ t0 Dµ1 (τ)cos(ωµτ)dτ ,
bµ(t) ≡ aµ(t)/2 − ∫ t0 D2(τ) sin(ωµτ)dτ . The
noise and dissipation kernels are given by
Dµ1 (τ) ≡ 2
∫∞
0 dωJ(ω) coth (ω/2T
µ) cos(ωτ),
D2(τ) ≡ 4λΩ3τ/
[
1 + (Ωτ)2
]2.
Appendix B: Work extraction in the Born–Markov
approximation
In this appendix, we consider the work extraction
in the Born–Markov approximation and show that the
quantum Otto engine (QOE) under the Markovian dy-
namics cannot exceed the Carnot efficiency [19, 20].
The Born–Markov approximation is accomplished by
taking the long-time (Markovian) limit t → ∞ on the
TCL generator Eq. (A2), whose solution is given by
Ref. [82]:
ρµm,00(t) =
1 + n(ωµ)
1 + 2n(ωµ)
+
[
ρµm,00(0)−
1 + n(ωµ)
1 + 2n(ωµ)
]
exp [−2piJ(ωµ) (1 + 2n(ωµ)) t] , (B1)
ρµm,11(t) = 1− ρµm,00(t), (B2)
with n(ωµ) = (exp(ωµ/Tµ)− 1)−1. By definition, the (0, 0) components of the initial states are given by ρµ1,00(0) = 0
and ρµ0,00(0) = 1. We thereby analyze a condition of positive work extraction in the QOE under the Markovian
dynamics. By using Eqs. (5)–(6), the condition
〈W 〉 = 〈W1〉 − 〈W2〉 > 0, (B3)
is followed by
(ωh − ωc)
{[
P hρh0,11(t1) + (1− P h)ρh0,11(t1)
]− [P cρc0,11(t2) + (1− P c)ρc0,11(t2)]} > 0. (B4)
Since ωh > ωc by definition, we have[
P hρh0,11(t1) + (1− P h)ρh0,11(t1)
]− [P cρc0,11(t2) + (1− P c)ρc0,11(t2)] > 0. (B5)
Inserting the solutions Eqs. (B1)–(B2) to its left-hand-side (l.h.s.), we have(
1 + n(ωh)
1 + 2n(ωh)
− 1 + n(ωc)1 + 2n(ωc)
)(
1− e−2piJ(ωh)(1+2n(ωh))t1
)(
1− e−2piJ(ωc)(1+2n(ωc))t2
)
> 0. (B6)
Because the second and third factors in l.h.s. are always
positive, we obtain
1 + n(ωh)
1 + 2n(ωh)
>
1 + n(ωc)
1 + 2n(ωc)
, (B7)
which is transformed to
n(ωh) > n(ωc). (B8)
Since n(ωµ) = (exp(ωµ/Tµ)− 1)−1, we thus show the
equivalence of the condition of positive work extraction
Eq. (B3) with
ωc
ωh
>
T c
T h
, (B9)
and hence
ηO < ηC. (B10)
In short, the Markovian QOE cannot exceeds the Carnot
efficiency while maintaining positive work extraction.
We can understand the relation (B10) as follows. It
might appear that we could make ηO = 1 − ωc/ωh arbi-
trarily high by adjusting the frequencies ωh and ωc ac-
cordingly. For a very large value of ωh, however, the
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Figure 5. The work extraction from QOE with isochoric pro-
cesses evaluated under Born-Markov approximation for the
contact time t1 and t2 with hotter and colder reservoirs, re-
spectively. We set the parameters to T h = 5.0, λ = 0.01,
Ω = 0.4, and ωc/ωh = 0.18 under the unit of ωh = 1 with
kB = ~ = 1, for which ηO = 0.82 > ηC = 0.8.
effective temperature (4) would become higher than T h
during the isentropic compression, and hence the system
would not be able to receive heat from the hotter reser-
voir. Similarly, for a very small value of ωc, the system
would not be able to dispose heat to the colder reservoir.
In either case, the engine would not function properly,
and we would not harvest a positive work, which is ex-
emplified in Fig. 5.
Appendix C: Energy change of the hotter reservoir
and the two-level system
In this appendix we formulate the energy change of the
hotter reservoir and the two-level system during the first
isochoric process (1st IP).
Let us first formulate the energy change of the reservoir
in terms of the full counting statistics (FCS) based on the
two-point projective measurement. It is accomplished by
consider successive projective measurements of reservoir
Hamiltonian HhB. The measurement scheme is as follows:
First, at t = 0, we perform a measurement of the HhB
to obtain an outcome EhB,0. During 0 ≤ t ≤ t1, the
system undergoes a unitary time evolution brought about
by interaction between the system and reservoir. At t =
t1, we perform another measurement of HhB to obtain
another outcome EhB,t1 . The net energy change of the
reservoir during the time interval t1 is therefore given
by ∆EhB = EhB,t1 − EhB,0. The cumulants of ∆EhB are
provided by its cumulant generating function
S(χ, t) ≡ ln
∫ ∞
−∞
Pt(∆EhB)eiχ∆E
h
Bd∆EhB, (C1)
where Pt(∆EhB) is the probability distribution function
of ∆EhB and χ is the counting field associated with HhB.
Hence, the expectation value of the energy change dur-
ing the time interval t1 may be expressed by the first
derivative of the cumulant generating function,
〈∆HhB(t1)〉 = −
∂S(χ, t1)
∂(iχ)
∣∣∣∣
χ=0
. (C2)
The FCS provides a systematic method to evaluate the
cumulant generating function [96]. Let us formally
rewrite it as
S(χ, t) = ln TrS[ρhχ(t)], (C3)
with
ρhχ(t) ≡ Trh[Uχ/2(t, 0)W (0)U†χ/2(t, 0)], (C4)
where Uχ/2(t, 0) ≡ ei(χ/2)HhBU(t, 0)e−i(χ/2)HhB , U(t, 0) is
the time evolution operator for the total system, and
W (0) is the density matrix for the total system at t = 0.
Assuming a factorized initial condition, the time evolu-
tion of the operator ρ(χ)(t) is described by the equation
d
dt
ρhχ(t) = ξhχ(t)ρhχ(t), (C5)
which is the TCL type quantum master equation mod-
ified to include the counting field [95]. Up to the sec-
ond order cumulant of the system–reservoir coupling, the
TCL generator is given by
ξhχ(t)ρhχ(t) = −i[HhS, ρhχ(t)]−
∫ t
0
dτTrh[HhI , [H˘hI (−τ), ρhχ(t)⊗ ρeqh ]χ]χ, (C6)
where [X,Y ]χ ≡ X(χ)Y − Y X(−χ) with X(χ) ≡ eiχHhB/2Xe−iχHhB/2. We note that the familiar master equation
describing the time evolution of the usual density operator is recovered by taking χ = 0 on Eq. (C5). In terms of the
TCL master equation formalism, the mean dissipated heat is expressed by [95]
〈∆HhB(t1)〉 = −
∫ t1
0
TrS
[
∂ξhχ(t)
∂(iχ)
∣∣∣∣
η=0
ρh(t)
]
. (C7)
By applying the expression Eq. (C7) to the spin–boson model, we obtain the expression of the energy change of the
8hotter reservoir during the 1st IP,〈
∆HhB(t1)
〉
=ω1P hρh0,11(t1) + ωh(1− P h)
(
ρh1,11(t1)− 1
)
+
∫ t1
0
dτ
{
P h
[(
2ρh0,00(τ)− 1
)
Dh1 (τ) sin(ωhτ) +D2(τ) cos(ωhτ)
]
+ (1− P h) [(2ρh1,00(τ)− 1)Dh1 (τ) sin(ωhτ) +D2(τ) cos(ωhτ)]} . (C8)
We next formulate the energy change of the two-level system. Because the energy level of the two level system is
unchanged during the IP, the net energy change of the system is simply evaluated as〈
∆HhS(t1)
〉
= ωh(ρh11(t1)− ρh11(0)) = ωhP hρh0,11(t1) + ωh(1− P h)
(
ρh1,11(t1)− 1
)
. (C9)
Appendix D: Dependence of work extraction on ωh
and ωc
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Figure 6. Dependence of the work extraction on ωh and ωc evaluated under non-Markovian dynamics for the contact time t1
and t2 with hotter and colder reservoirs, respectively. We set the parameters to T h = 5.0, λ = 0.01, Ω = 0.4 under the unit of
kB = ~ = 1.
In this appendix, we summarize dependence of the work extraction on several ωh and ωc. In FIG. 6, we provide
work extractions evaluated by means of Eqs. (3)–(4) in the main text under the non-Markovian dynamics for several
combinations of ωh and ωc. In the figure, the three panels on the diagonal line from upper left to lower left ((ωh, ωc) =
(0.9, 0.18), (1.0, 0.2), (1.25, 0.25)) are evaluated under the condition ηO = ηC = 0.8. The three panels above the
diagonal line ((ωh, ωc) = (0.9, 0.2), (0.9, 0.25), (1.0, 0.25)) correspond to ηO < ηC, and other three panels ((ωh, ωc) =
(1.0, 0.18), (1.25, 0.18), (1.25, 0.2)) correspond to ηO > ηC. The figure shows that, under the condition ηO ≤ ηC, we
can extract positive work form the QOE for a wide range of contact times (t1, t2). For ηO ≤ ηC, in contrast, the work
extraction is negative for majority of (t1, t2), but we can still extract positive work if the contact time wit the hotter
bath, t1, is sufficiently short.
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Figure 7. Dependence of the work extraction on ωh and ωc evaluated under non-Markovian dynamics for the contact time
t1 and t2 with the detachment energy counted in. We set the parameters to T h = 5.0, λ = 0.01, Ω = 0.4 under the unit of
kB = ~ = 1.
In FIG. 7, we also provide work extractions for several combinations of ωh and ωc with the detachment energy
counted in as a part of work. In this figure, we find that the work extraction is always negative for any combinations
of (ωh, ωc). This means that the efficiency of the quantum Otto engine cannot exceed the Carnot efficiency if we
include the detachment energy as a part of work.
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